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Let G be an inﬁnite group. Given a ﬁlter F on G , let T [F ] denote the largest left invariant
topology on G in which F converges to the identity. In this paper, we study the topology
T [F ] in case when F contains the Fréchet ﬁlter and there is M :G → F such that all
the subsets xM(x), where x ∈ G , are pairwise disjoint. We show that T [F ] possesses
interesting extremal properties. We consider also the question whether T [F ] can be a
group topology.
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1. Introduction
Let G be an inﬁnite group with identity e. Given a ﬁlter F on G , let T [F ] denote the largest left invariant topology
on G in which F converges to e. A topology T on G is called left invariant if for every a ∈ G and U ∈ T , one has aU ∈ T ,
or equivalently, if for every a ∈ G , the left translation G  x → ax ∈ G is continuous in T . We say that a ﬁlter F on G is
strongly discrete if F contains the Fréchet ﬁlter and there is M :G → F such that all the subsets xM(x), where x ∈ G , are
pairwise disjoint. The Fréchet ﬁlter on G consists of all subsets A ⊆ G such that |G \ A| < |G|. In this paper, we study the
topology T [F ] in case when F is a strongly discrete ﬁlter.
We show that G = (G,T [F ]) is zero-dimensional (= has a base of clopen sets) and Hausdorff and possesses interesting
extremal properties. In particular, some D ∈F is a strongly discrete subset of G (= for every x ∈ D , there is a neighborhood
Ux of x such that the subsets Ux , where x ∈ D , are pairwise disjoint) with only one accumulation point e and for every
A ∈F with A ⊆ D , A is a locally maximal discrete subset of G with respect to e, that is for every discrete subset B ⊆ G such
that A ∩ U ⊆ B ∩ U for some neighborhood U of e, there is a neighborhood V of e such that A ∩ V = B ∩ V . Furthermore,
if F is an ultraﬁlter, then G is extremally disconnected (= the closures of disjoint open subsets are disjoint) and G has
no local homeomorphisms other than local translations, that is for every a,b ∈ G and for every homeomorphism f of a
neighborhood of a onto a neighborhood of b with f (a) = b, there is a neighborhood U of a such that f (x) = ba−1x for all
x ∈ U .
We prove that strongly discrete ﬁlters exist in profusion on any inﬁnite group, namely, for every ﬁlter F on κ = |G|
properly containing the Fréchet ﬁlter, there is a strongly discrete ﬁlter G on G isomorphic to F , that is f (F) = G for some
bijection f :κ → G . We then show that for any strongly discrete ﬁlters F and G on G , the topologies T [F ] and T [G] are
homeomorphic iff the ﬁlters F and G are isomorphic.
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We show, in particular, that for countable groups and ultraﬁlters, this question is undecidable in ZFC.
In Section 4, all topological groups are assumed to be Hausdorff.
2. The topology T [F]
First of all, we describe the topology T [F ] in general case.
Deﬁnition 2.1. Given a mapping M :G →P(G), where P(G) is the power set of G , and a ∈ G , deﬁne [M]a ∈P(G) by
[M]a =
{
x0x1 · · · xn: n < ω, x0 = a and xi+1 ∈ M(x0 · · · xi) for each i < n
}
.
Proposition 2.2. For every ﬁlter F on G and a ∈ G, the subsets of the form [M]a, where M :G →F , are precisely the open neighbor-
hoods of a ∈ G in T [F ].
Proof. Let U be an open neighborhood of a ∈ G in any left invariant topology on G in which F converges to e. Deﬁne
M :G →F by
M(x) =
{
x−1U if x ∈ U ,
G otherwise.
Then clearly [M]a = U .
Conversely, the subsets [M]a , where a ∈ G and M :G →F , form the open neighborhood system for a topology since
(1) for every x ∈ [M]a , [M]x ⊆ [M]a , and
(2) [M]a ∩ [N]a ⊇ [K ]a , where K :G →F is deﬁned by K (x) = M(x) ∩ N(x).
This topology is left invariant because




bx0x1 · · · xn: n < ω, x0 = a and xi+1 ∈ M(x0 · · · xi) for each i < n
}
= {bx0x1 · · · xn: n < ω, x0 = a and xi+1 ∈ M(b−1bx0 · · · xi) for each i < n}
= {bx0x1 · · · xn: n < ω, bx0 = ba and xi+1 ∈ N(bx0 · · · xi) for each i < n}
= [N]ba. 
Corollary 2.3. Let F be a ﬁlter on G, let A ∈F , and for every x ∈ A, let Ux be a neighborhood of e in T [F ]. Then (⋃x∈A xUx) ∪ {e} is
a neighborhood of e in T [F ].
Proof. Without loss of generality one may assume that for every x ∈ A, Ux is open, so U = ⋃x∈A xUx is open. Deﬁne
M :G →F by
M(x) =
{
A if x = e,
x−1U if x ∈ U ,
G otherwise.
Then [M]e = U ∪ {e}. 
Corollary 2.4. If
⋂F = ∅, then T [F ] is a T1-topology.
Proof. Let e = a ∈ G . Since ⋂F = ∅, we can choose M :G →F such that a /∈ xM(x) for all x ∈ G . Then a /∈ [M]e . 
Of special importance is the case when F is an ultraﬁlter.
We say that a topological space X is strongly extremally disconnected if for every open nonclosed U ⊂ X , there exists
x ∈ X \ U such that U ∪ {x} is open. Notice that every strongly extremally disconnected space is extremally disconnected.
Proposition 2.5. For every nonprincipal ultraﬁlter F on G, T [F ] is a strongly extremally disconnected T1-topology.
1334 Y. Zelenyuk / Topology and its Applications 155 (2008) 1332–1339Proof. That T [F ] is a T1-topology follows from Corollary 2.4. To prove that T [F ] is strongly extremally disconnected, let
U be an open subset of (G,T [F ]) with e ∈ clU \ U and let C = G \ U . Consider two cases.
Case 1: there is a ∈ C such that U ∈ aF . Choose M :G →F such that aM(a) ⊆ U and for every x ∈ U , xM(x) ⊆ U . Then
[M]a ⊆ U ∪ {a}. Hence, U ∪ {a} is open.
Case 2: for every x ∈ C , C ∈ xF . Choose M :G →F such that for every x ∈ C , xM(x) ⊆ C . Then [M]e ⊆ C . It follows that
e /∈ clU , which is a contradiction. Hence, this case is impossible. 
3. Strongly discrete ﬁlters
We now turn to the topology T [F ] in case when F is a strongly discrete ﬁlter.
Lemma 3.1. Let F be a strongly discrete ﬁlter on G. Then there are M :G →F and A ⊂ G with e ∈ A such that
(1) the subsets [M]a, where a ∈ A, form a partition of G,
(2) for every a ∈ A and for every x ∈ [M]a, x is uniquely represented in the form x = x0 · · · xn, where n < ω, x0 = a and xi+1 ∈
M(x0 · · · xi) for each i < n.
To prove Lemma 3.1, we ﬁrst prove the following auxiliary fact.
Fact. Let M :G →P(G) be any mapping such that the subsets xM(x), where x ∈ G, are pairwise disjoint, and let x0 · · · xn = y0 · · · ym
for some n,m < ω and xi, y j ∈ G such that xi+1 ∈ M(x0 · · · xi) for i < n and yi+1 ∈ M(y0 · · · yi) for j <m. Then either x0 · · · xn−m =
y0 and xn−m+ j = y j for 0 < j m if nm, or x0 = y0 · · · ym−n and xi = ym−n+i for 0 < i  n if n <m.
Proof. We proceed by induction on min{n,m}. It is trivial for min{n,m} = 0. Let min{n,m} > 0. We claim that x0 · · · xn−1 =
y0 · · · ym−1 and then xn = ym . Indeed, otherwise x0 · · · xn = y0 · · · ym as
x0 · · · xn−1M(x0 · · · xn−1) ∩ y0 · · · ym−1M(y0 · · · ym−1) = ∅.
We then apply the inductive assumption. 
Proof of Lemma 3.1. Let κ = |G| and enumerate G as {gα: α < κ}. Choose M :G →F such that for every α < κ , gαM(gα)∩
{gβ : β  α} = ∅. Then x0 · · · xn /∈ {gβ : β  α} whenever x0 = gα , 0 < n < ω and xi+1 ∈ M(x0 · · · xi) for each i < n. Deﬁne A
inductively as A = {aγ : γ < δ} with maximally possible δ  κ by putting a0 = e and taking aγ to be the ﬁrst element in
{gα: α < κ} such that aγ /∈⋃β<γ [M]aβ .
It is clear that
⋃
γ<δ[M]aγ = G . To check that [M]aβ ∩ [M]aγ = ∅ whenever β < γ < δ, assume on the contrary that
x0 · · · xn = y0 · · · ym , where n,m < ω, x0 = aβ , y0 = aγ , xi+1 ∈ M(x0 · · · xi) for i < n and y j+1 ∈ M(y0 · · · y j) for j < m. It
then follows from the Fact that either x0 · · · xn−m = y0 (if n m) or x0 = y0 · · · ym−n (if n < m). In the ﬁrst case, one has
y0 = aγ ∈ [M]aβ , which is a contradiction. The second case also gives a contradiction since x0 = gμ and y0 = gν for some
μ,ν < δ with μ < ν . Hence (1) holds.
To check (2), let x = x0 · · · xn = y0 · · · ym , where n,m < ω, x0 = y0 = a ∈ A, xi+1 ∈ M(x0 · · · xi) for i < n and y j+1 ∈
M(y0 · · · y j) for j <m, and let nm. It then follows from the Fact that x0 · · · xn−m = y0 and xn−m+ j = y j for 0 < j m. But
then m = n and x j = y j for each j m. Indeed, n >m contradicts x0 = x0 · · · xn−m . 
Now using Lemma 3.1 we can deduce main properties of topologies determined by strongly discrete ﬁlters.
Theorem 3.2. Let F be a strongly discrete ﬁlter on G and let G = (G,T [F ]). Then
(1) G is zero-dimensional and Hausdorff,
(2) there is D ∈F such that
(i) D is a strongly discrete subset of G with exactly one accumulation point e,
(ii) for every A ∈F with A ⊆ D, A is a locally maximal discrete subset of G with respect to e,
(3) whenever f :G → G is a homeomorphism and x ∈ G, f (xF) = f (x)F .
Furthermore, if in addition F is an ultraﬁlter, then
(4) G is extremally disconnected,
(5) G has no local homeomorphisms other than local translations.
Proof. Let M :G →F be a mapping guaranteed by Lemma 3.1.
(1) By Corollary 2.4, it suﬃces to check that G has a neighborhood base at e of clopen sets. Let N :G → F be any
mapping with N(x) ⊆ M(x). We claim that for every y ∈ G \ [N]e , [N]y ∩ [N]e = ∅. It suﬃces to check this for y ∈ [M]e .
Y. Zelenyuk / Topology and its Applications 155 (2008) 1332–1339 1335Assume the contrary. Then x0 · · · xn = y0 · · · ym for some n,m < ω and xi, y j such that x0 = e, xi+1 ∈ N(x0 · · · xi) for i < n,
y0 = y and y j+1 ∈ N(y0 · · · y j) for j < m. Write y0 as y0 = z0 · · · zk , where k < ω, z0 = e and zi+1 ∈ M(z0 · · · zi) for i < k.
Then x0 · · · xn = z0 · · · zk y1 · · · ym . It follows from this and Lemma 3.1 that k n and xi = zi for each i  k. Hence y ∈ [N]e—
a contradiction.
(2) Put D = M(e).
(i) We claim that the subsets [M]a , where a ∈ D , are pairwise disjoint. Indeed, let x1, y1 ∈ D and let [M]x1 ∩ [M]y1 = ∅.
Then x1 · · · xn = y1 · · · ym for some 1 n,m < ω and xi, y j such that xi+1 ∈ M(x1 · · · xi) for 1 i < n and y j+1 ∈ M(y1 · · · y j)
for 1 j <m, and then x0x1 · · · xn = y0 y1 · · · ym , where x0 = y0 = e. Since x1, y1 ∈ M(e), it follows from this and Lemma 3.1
that n =m and xi = yi for each i  n, in particular, x1 = y1.
To see that D ∪ {e} is closed, let e = x1 ∈ [M]e and let [M]x1 ∩ D = ∅. Then x1 · · · xn = y1 for some y1 ∈ D , 1 n < ω and
xi such that xi+1 ∈ M(x1 · · · xi) for 1 i < n, and then x0x1 · · · xn = y0 y1, where x0 = y0 = e. It follows from this that n = 1
and x1 = y1.
(ii) Let B be a discrete subset of G such that A ∩ U ⊆ B ∩ U for some open neighborhood U of e. For every x ∈ A ∩ U ,
choose a neighborhood Vx of e such that xVx ⊆ U and xVx ∩ B = {x}. Put V = (⋃x∈A∩U xVx) ∪ {e}. By Corollary 2.3, V is a
neighborhood of e, and by the construction, A ∩ V = B ∩ V .
(3) Let D ∈ F be a set satisfying (2). It suﬃces to show that for every A ∈ F with A ⊆ D , f (xA) ∈ f (x)F . Assume the
contrary. Then B = f (x)D \ f (xA) is a discrete subset of G with cl B = B∪{ f (x)}. Consequently, C = xA∪ f −1(B) is a discrete
subset of G such that xA ⊂ C and for every neighborhood U of x, (C \ xA) ∩ U = ∅. Hence, xA is not locally maximal with
respect to x—a contradiction.
(4) Is immediate from Proposition 2.5.
(5) Let f be a homeomorphism of a neighborhood of a ∈ G onto a neighborhood of b ∈ G with f (a) = b. We have to
ﬁnd a neighborhood U of a such that for every x ∈ U , f (x) = ba−1x. Taking into account (1), one may suppose that f is a
homeomorphism of G onto itself.
We ﬁrst show that there is N :G →F such that for every x ∈ G and y ∈ N(x), f (xy) = f (x)y.
For every x ∈ G , deﬁne gx : G → G by gx(y) = ( f (x))−1 f (xy). Clearly gx is a homeomorphism with gx(e) = e. By (3),
gx(F) =F . Since F is an ultraﬁlter, it follows from this that there is N(x) ∈F such that for every y ∈ N(x), gx(y) = y (see
[2, Lemma 3.2]), and then f (xy) = f (x)gx(y) = f (x)y.
Now choose N :G →F such that for every x ∈ G and y ∈ N(x), f (xy) = f (x)y and N(x) ⊆ M(x). Put U = [N]a and take
any x ∈ U . Write x as x = x0 · · · xn , where n < ω, x0 = a and xi+1 ∈ N(x0 · · · xi) for each i < n. Then
f (x) = f (x0 · · · xn) = f (x0 · · · xn−1)xn = · · ·
= f (x0)x1 · · · xn = f (x0)x−10 x = ba−1x. 
We now show how naturally strongly discrete ﬁlters arise on left topological groups.
Proposition 3.3. Let T be a regular left invariant topology on G such that the intersection of < |G| open sets is open and let D be
a discrete subset of (G,T ) with exactly one accumulation point e. Then any ﬁlter on G containing D and converging to e is strongly
discrete.
Proof. Let F be a ﬁlter on G containing D and converging to e. Enumerate G as {gα: α < κ}, where κ = |G|. Construct











= {gβ : β < α}.
(Given a subset Y of a space X , Y ′ denotes the set of accumulation points of Y ⊆ X .) 
The next proposition says that strongly discrete ﬁlters exist in profusion on any inﬁnite group.
Proposition 3.4. Let {gα: α < κ} be a one-to-one enumeration of G, where κ = |G|  ω. Then there is a one-to-one κ-sequence
(xα)α<κ in G such that the subsets gα Xα , where Xα = {xβ : α  β < κ}, are pairwise disjoint.
Proof. Pick as x0 any element of G . Now, ﬁx γ with 0 < γ < κ and assume that we have constructed a one-to-one sequence
(xα)α<γ such that the subsets gα Xα,γ , where Xα,γ = {xβ : α  β < γ }, are pairwise disjoint. Choose xγ ∈ G satisfying the
condition gαxγ = gβxδ , where α  γ and β  δ < γ . The condition gαxγ = gβxγ , where α,β  γ and α = β , is satisﬁed
automatically. Hence, the subsets gα Xα,γ+1, where α < γ + 1, are also pairwise disjoint. 
1336 Y. Zelenyuk / Topology and its Applications 155 (2008) 1332–1339Let F be a ﬁlter on an inﬁnite set X containing the Fréchet ﬁlter. We say that F is locally Fréchet if there is A ∈F such
that FA = {A ∩ B: B ∈F} is the Fréchet ﬁlter on A. A locally Fréchet ﬁlter is proper if it is not Fréchet. Note that all proper
locally Fréchet ﬁlters on X are isomorphic, and if F is not locally Fréchet, then for every A ∈F , F is isomorphic to FA . To
see the second, pick B ∈F such that B ⊂ A and |A \ B| = |X | and take any bijection g : X \ B → A \ B . Deﬁne f : X → A by
f (x) =
{
x if x ∈ B,
g(x) otherwise.
Then f is a bijection and f (F) =FA .
Now we obtain from Proposition 3.4 the following.
Corollary 3.5. Let G be a group with |G| = κ  ω. For every ﬁlter F on κ properly containing the Fréchet ﬁlter, there is a strongly
discrete ﬁlter G on G isomorphic to F .
Proof. Let (xα)α<κ be a sequence in G guaranteed by Proposition 3.4, let A = {xα: α < κ}, and let H be the ﬁlter on G
such that A ∈H and HA is the Fréchet ﬁlter. Then H is proper locally Fréchet and strongly discrete. Now let F be a ﬁlter
on κ properly containing the Fréchet ﬁlter. If F is locally Fréchet, it is isomorphic to H. Otherwise take a ﬁlter G on G such
that A ∈ G and GA is isomorphic to F . Then G is isomorphic to F and is strongly discrete. 
We conclude the section with a topological classiﬁcation of topologies determined by strongly discrete ﬁlters.
Deﬁnition 3.6. Given a space X with exactly one accumulation point e ∈ X , deﬁne an increasing sequence (Xn)∞n=1 of
extensions of X = X1 as follows. For each n 1, put




where X(y) is a copy of X with y = e (we suppose that X(y) ∩ Xn = {y} and that X(y) ∩ X(z) = ∅ if y = z), and topologize
Xn+1 by declaring a subset U ⊆ Xn+1 to be open iff U ∩ Xn is open in Xn and for every y ∈ Xn \ X ′n , U ∩ X(y) is open in
X(y). Finally, we deﬁne
Xω = lim
n→∞ Xn,
that is Xω =⋃∞n=1 Xn and a subset U ⊆ X is open iff U ∩ Xn is open in Xn for every n.
Theorem 3.7. Let F be a strongly discrete ﬁlter on G and let X be a space with exactly one accumulation point e ∈ X such that the
ﬁlter of subsets U \ {e}, where U is a neighborhood of e, is isomorphic toF ifF is not locally Fréchet and to the Fréchet ﬁlter otherwise.
Then (G,T [F ]) is homeomorphic to Xω .
Proof. Suppose ﬁrst that F is not locally Fréchet. Deﬁne an increasing sequence (Yn)∞n=1 of subspaces of (G,T [F ]) as
follows. Let M :G →F and A ⊂ G be a mapping and a subset guaranteed by Lemma 3.1. Put Y1 = M(e) ∪ A and






G,T [F ])= lim
n→∞ Yn.
For every y ∈ G , M(y)∪{y} is homeomorphic to X . It follows that for every n, Yn is homeomorphic to Xn , and consequently,
(G,T [F ]) is homeomorphic to Xω .
Now suppose that F is locally Fréchet, so there is B ∈F such that FB is the Fréchet ﬁlter. Choose M :G →F satisfying
the conclusion of Lemma 3.1 and such that M(x) ⊆ B for all x ∈ G . Then for every N :G → F such that N(x) ⊆ M(x) and
for every a ∈ G , [N]a is homeomorphic to Xω , in particular, [M]e is homeomorphic to Xω . We shall show that there are
N :G →F and A ⊂ G with e ∈ A such that N(x) ⊆ M(x), |A| = |G| = κ , and the subsets [N]a , where a ∈ A, form a partition
of [M]e . This implies that both [M]e and (G,T [F ]) are homeomorphic to the sum of κ copies of Xω , and consequently,
(G,T [F ]) is homeomorphic to Xω .
For each x ∈ M(e), pick yx ∈ M(x), and let C = {xyx: x ∈ M(e)}. Then |C | = κ , the subsets [M]a ⊆ [M]e , where a ∈ C ,
are pairwise disjoint, and U = [M]e \⋃a∈C [M]a is an open neighborhood of e (see item (i) of (2) of Theorem 3.2). Deﬁne
N :G →F by
N(x) =
{
(x−1U ) ∩ M(x) if x ∈ U ,
M(x) otherwise.
The mapping N , in turn, determines D ⊂ G such that the subsets [N]a , where a ∈ D , form a partition of G . Put A =
D ∩ [M]e . 
Y. Zelenyuk / Topology and its Applications 155 (2008) 1332–1339 1337Remark 3.8. Let κ be an inﬁnite cardinal, let X be a space with |X | = κ and exactly one accumulation point eX ∈ X such
that the ﬁlter of subsets U \ {eX }, where U is a neighborhood of eX , is isomorphic to the Fréchet ﬁlter on κ , and let Y
be a space with |Y | = κ and exactly one accumulation point eY ∈ Y such that the ﬁlter of subsets U \ {eY }, where U is
a neighborhood of eY , is isomorphic to the proper locally Fréchet ﬁlter on κ . It is not hard to see that the space Yω is
homeomorphic to the sum of κ copies of Xω , and so just to Xω . Hence Theorem 3.7 can be stated also as follows: Let F be
a strongly discrete ﬁlter on G and let X be a space with exactly one accumulation point e ∈ X such that the ﬁlter of subsets
U \ {e}, where U is a neighborhood of e, is isomorphic to F . Then (G,T [F ]) is homeomorphic to Xω .
Corollary 3.9. Let F and G be strongly discrete ﬁlters on G. Then the topologies T [F ] and T [G] are homeomorphic iff the ﬁlters F
and G are isomorphic.
Proof. Let f : (G,T [F ]) → (G,T [G]) be a homeomorphism. Without loss of generality one may suppose that f (e) = e. We
claim that f (F) = G . Let DF ∈F and DG ∈ G be sets satisfying (2) of Theorem 3.2. It suﬃces to show that for every A ∈F
with A ⊆ DF , f (A) ∈ G . Assume the contrary. Then B = DG \ f (A) is a discrete subset of (G,T [G]) with cl B = B ∪ {e}.
Consequently, C = A ∪ f −1(B) is a discrete subset of (G,T [F ]) such that A ⊂ C and for every neighborhood U of e,
(C \ A) ∩ U = ∅. Hence, A is not locally maximal with respect to e—a contradiction.
Conversely, let F and G be isomorphic. Then T [F ] and T [G] are homeomorphic by Theorem 3.7. 
4. When T [F] can be a group topology
An ultraﬁlter p on ω is called Ramsey if it satisﬁes one of the following equivalent conditions:
(1) for every 2-coloring of [ω]2 there exists A ∈ p such that [A]2 is monochrome,
(2) for every partition {An: n < ω} of ω with An /∈ p there exists A ∈ p such that |A ∩ An| 1 for all n.
(Given a set X , [X]2 = {Y ⊆ X: |Y | = 2}.) A nonprincipal Ramsey ultraﬁlter on ω can be constructed using Martin’s Axiom
MA. For more information about Ramsey ultraﬁlters see [2].
Theorem 4.1. Let G =⊕n<ω Gn, where every Gn is a nontrivial ﬁnite group written additively, and let p be a nonprincipal ultraﬁlter
on ω. Deﬁne the group topology Tp on G by taking as a neighborhood base at 0 the subgroups
HA = {x ∈ G: supp x ⊂ A},
where A ∈ p. Let F be the ﬁlter on G with a base of subsets
D A =
{
x ∈ G: supp x ⊂ A and | supp x| = 1},
where A ∈ p, and let D = Dω . Then the following statements are equivalent:
(1) p is Ramsey,
(2) Tp = T [F ],
(3) D is a locally maximal discrete subset of (G,Tp) with respect to 0.
Furthermore, in case G =⊕ω Z2 , statements (1)–(3) are equivalent to
(4) Tp is extremally disconnected,
and imply
(5) (G,Tp) has no local homeomorphisms other than local translations.
Proof. (1) ⇒ (2) Since F converges to 0 in Tp , Tp ⊆ T [F ]. To show that T [F ] ⊆ Tp , let M :G → F . For each n < ω,
choose Bn ∈ p such that for every x ∈ G with max supp x = n, one has DBn ⊆ M(x). Choose B0 in addition such that also
DB0 ⊆ M(0). Deﬁne the coloring χ : [ω]2 → {0,1} by putting for every {m,k} ∈ [ω]2 with m < k,
χ
({m,k})= {1 if k ∈ Bm,
0 otherwise.
Since p is Ramsey, there exists A ∈ p such that A ⊆ B0 and [A]2 is monochrome. Observe that χ([A]2) = {1}. We claim
that HA ⊆ [M]0. To see this, let 0 = x ∈ HA and let supp x = {n1, . . . ,nk}, where n1 < · · · < nk . We have that n0 ∈ B0 and
ni+1 ∈ Bni for each i = 1, . . . ,k − 1. Write x as x = x1 + · · · + xk , where supp xi = {ni}. Then x1 ∈ DB0 ⊆ M(0) and xi+1 ∈
DBn ⊆ M(x1 + · · · + xi). Hence x ∈ [M]0.i
1338 Y. Zelenyuk / Topology and its Applications 155 (2008) 1332–1339(2) ⇒ (3) Let E be a discrete subset of (G,Tp) such that D ∩ U ⊆ E ∩ U for some open neighborhood U of 0. For every
x ∈ D ∩ U , choose a neighborhood Vx of 0 such that x + Vx ⊆ U and (x + Vx) ∩ E = {x}. Let V =⋃x∈D∩U (x + Vx) ∪ {0}. By
Corollary 2.3, V is a neighborhood of 0 and by the construction, D ∩ V = E ∩ V .
(3) ⇒ (1) Given any partition {An: n < ω} of ω, deﬁne
E = {x ∈ G: supp x ⊆ An for some n < ω and | supp x| = 2}.
Notice that every point from E is isolated in D ∪ E . Since An /∈ p for all n < ω, it follows that also every point from D is
isolated in D ∪ E . Consequently D ∪ E is discrete. Since D is a locally maximal discrete subset with respect to 0, there is a
neighborhood U of 0 such that U ∩ E = ∅. Choose A ∈ p such that HA ⊆ U . Then |A ∩ An| 1 for all n < ω.
Finally, let G =⊕ω Z2. Then F is an ultraﬁlter. So (2) ⇒ (4) and (2) ⇒ (5) are immediate from Proposition 2.5 and
Theorem 3.2(5) respectively. To see (4) ⇒ (3), let E be a discrete subset of G = (G,Tp) such that D ∩ U ⊆ E ∩ U for some
neighborhood U of 0. For every x ∈ E , choose an open neighborhood Ux of 0 such that the subsets x + Ux are pairwise
disjoint. Put UD =⋃x∈D(x+ Ux) and UE\D =⋃x∈E\D(x+ Ux). Then UD and UE\D are disjoint open subsets and, obviously,
0 ∈ clUD . But then, since G is extremally disconnected, 0 /∈ clUE\D . Hence, one can deﬁne a neighborhood V of 0 by
V = U \ UE\D and we obtain that D ∩ V = E ∩ V . 
Remark 4.2. The implication (1) ⇒ (4) in Theorem 4.1 for G =⊕ω Z2 is a result of Sirota [6]. This was an answer to the
question whether there is a nondiscrete extremally disconnected topological group [1]. However, it is still unknown whether
there is such a topological group in ZFC.
Remark 4.3. In [3], it has been constructed in ZFC a topological group having no homeomorphism other than translations.
Clearly, such a topological group must be uncountable. The implication (1) ⇒ (5) in Theorem 4.1 for G =⊕ω Z2 gives us,
under MA, a countable nondiscrete topological group having no local homeomorphisms other than local translations.
A point of a topological space is called a P-point if the intersection of any countable family of its neighborhoods is again
its neighborhood. We shall deal with P -points in the space ω∗ = βω \ ω. A nonprincipal ultraﬁlter p on ω is a P -point in
ω∗ iff for every partition {An: n < ω} of ω with An /∈ p, there exists A ∈ p such that all A ∩ An are ﬁnite. Obviously, every
nonprincipal Ramsey ultraﬁlter on ω is a P -point in ω∗ . However, it is consistent with ZFC that there are no P -points in
ω∗ [5]. For more information about P -points see [4].
We say that an ultraﬁlter p on a set X gives a P -point if there is a mapping f : X → ω such that q = f β(p) is a P -point
in ω∗ , where f β :βX → βω is the continuous extension of f (so q is the ultraﬁlter on ω with a base of subsets f (A),
where A ∈ p).
Theorem 4.4. Let G be a countable topological group, let D be a discrete subset of G such that e ∈ cl D \ D and there is only one
ultraﬁlter p on G containing D and converging to e, and suppose that there is a locally maximal discrete subset C ⊂ G with respect to
e such that D ∩ clC ∈ p. Then p gives a P -point.
Before proving Theorem 4.4 note that the condition D ∩ clC ∈ p is satisﬁed automatically if D ⊆ C or cl D = D ∪ {e}.
To see the second, assume on the contrary that cl D = D ∪ {e} and D ∩ clC /∈ p. Then there is E ∈ p such that E ⊆ D and
E ∩ clC = ∅. Since cl E = E ∪ {0}, it follows that E ∪ C is discrete. But this contradicts local maximality of C .
Proof of Theorem 4.4. Choose a decreasing sequence {Un: n < ω} of clopen neighborhoods of e ∈ G and a mapping C  x →
n(x) ∈ ω such that ⋂n<ω Un = {e} and the subsets xUn(x) , where x ∈ C , are pairwise disjoint. Deﬁne f :G → ω by
f (x) = n if x ∈ Un \ Un+1.
It is clear that q = f β(p) is a nonprincipal ultraﬁlter on ω. We shall prove that q is a P -point in ω∗ .
Let {Am: m < ω} be any partition of ω with Am /∈ q and let Dm = f −1(Am) ∩ D . Then {Dm: n < ω} is a partition of D
with Dm /∈ p and, consequently, e /∈ cl Dm . For every y ∈ D , choose a clopen neighborhood V y of e such that
(i) if y ∈ Un \ Un+1, then yV y ⊆ Un \ Un+1, and
(ii) for every m < ω, e /∈ cl(⋃y∈Dm yV y).
Put B = C ∩ (⋃y∈D yV y). Notice that for every neighborhood V of e, f (B ∩ V ) ∈ q. Denote Bm = f −1(Am) ∩ B . Then Bm =
C ∩ (⋃y∈Dm yV y), and so e /∈ cl Bm . Deﬁne B  x →m(x) ∈ ω by x ∈ Bm(x) . Put Ex = x(Un(x) ∩ Bm(x)) and E =⋃x∈B Ex . Then
Ex ⊂ xUn(x) and x /∈ cl Ex . It follows that C ∩ E = ∅ and C ∪ E is discrete. Hence, since C is a locally maximal discrete subset
with respect to e, e /∈ cl E . Let W and W0 be neighborhoods of e such that W ∩ E = ∅ and W 20 ⊆ W . Put A = f (B ∩ W0).
We claim that all A ∩ Am are ﬁnite. Indeed, otherwise there exist x ∈ Bm ∩ W0 and y ∈ Un(x) ∩ Bm ∩ W0. Then, on the one
hand, xy ∈ W 20 ⊆ W and, on the other hand,
xy ∈ x(Un(x) ∩ Bm) = x(Un(x) ∩ Bm(x)) = Ex ⊂ E ⊂ G \ W ,
which is a contradiction. 
Y. Zelenyuk / Topology and its Applications 155 (2008) 1332–1339 1339Corollary 4.5. (See [7].) If there is a countable extremally disconnected topological group containing a discrete nonclosed subset, then
there is a P -point in ω∗ .
Proof. Let G be a countable extremally disconnected topological group and let D be a discrete subset of G with e ∈ cl D \ D .
Then there is only one ultraﬁlter p on G containing D and converging to e and D is a locally maximal discrete subset of G
with respect to e. Hence, by Theorem 4.4, p gives a P -point. 
Given a ﬁlter F on a set X , let F denote the subset of βX which consists of all ultraﬁlters on X containing F .
Corollary 4.6. Let G be a countable group and let F be a strongly discrete ﬁlter on G with ﬁnite F . If T [F ] is a group topology, then
every ultraﬁlter from F gives a P -point.
Proof. Let D ∈ F be a set satisfying (2) of Theorem 3.2. Then D is a locally maximal discrete subset of (G,T [F ]) with
respect to e and for every ultraﬁlter p on G containing D and converging to e, one has p ∈ F . Since F is ﬁnite, for every
p ∈F , there is Dp ⊆ D such that p is the only ultraﬁlter on G containing Dp and converging to e. Hence by Theorem 4.4,
if T [F ] is a group topology, then p gives a P -point. 
Corollary 4.7. If the topological group (G,Tp) from Theorem 4.1 contains a locally maximal discrete subset with respect to 0, then the
ultraﬁlter p gives a P -point.
Proof. For every n < ω, pick any nonzero gn ∈ Gn . Deﬁne D = {xn: n < ω} ⊂ G by
xn(m) =
{
gn if m = n,
0 otherwise
and let q be the ultraﬁlter on G with a base of subsets {xn: n ∈ A}, where A ∈ p. Then D is a discrete subset of (G,Tp) with
cl D = D ∪ {0} and q is the only ultraﬁlter on G containing D and converging to 0. Clearly q is isomorphic to p. Hence by
Theorem 4.4, if (G,Tp) contains a locally maximal discrete subset with respect to 0, then p gives a P -point. 
We conclude the paper with the following questions:
Question 1. Is there in ZFC a (countable) topological group G containing a strongly discrete subset D ⊂ G such that e ∈
cl D \ D and D is a locally maximal discrete subset with respect to e?
Question 2. Does the existence of a countable extremally disconnected topological group containing a discrete nonclosed
subset imply the existence of a nonprincipal Ramsey ultraﬁlter on ω?
Question 3. Is there in ZFC a countable nondiscrete topological group having no local homeomorphisms other than local
translations?
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